Abstract. The cyclic cubic fields generated by x = ax + (a + 3)x + 1 are studied in de 
1. The Simplest Cubic Fields. Godwin and Samet [1] tabulated the 830 totally real cubic fields of discriminant D< 2 • 104. Godwin [2] computed their class numbers h and found that 764 of these fields (92%) have h = I. Borewicz and Safarevic [3] reproduced Godwin's table and pointedly remarked that none of these class numbers exceed 4.
It is clear that among cubic fields with larger D, those having relatively small regulators will have larger h. In principle, we could exhibit some of these by extending Godwin's tables to D < A • 104, or say D< 10s, but that would require a great deal of intricate computation. An alternative project, much simpler computationally, and of interest in its own right, is based upon the selection of a subset of these fields that are especially easy to compute. With such a restriction, one may readily determine their fundamental units and class numbers to much larger limits, say D< 101 °.
The simplest cubic fields are the cyclic fields, those having square discriminants:
(1) D=N2.
Like the quadratic fields, but unlike other cubic fields, all roots of the generating polynomial are in the field, all primes q either split completely in the field or do not split at all, and the residue class of ¿/(mod N) determines whether q splits or does not. But, unlike quadratic fields, if N is not 9 or a prime, there will be more than one cubic field with this D, and the splitting criterion for a specific one of these fields becomes a little more complicated. Further, there are two fundamental units in need of computation. But these two complications may be eliminated if we restrict A' to certain primes P, namely, to primes of the form (2) P = P{a) = a2 + 3a + 9 such as P(-l) = 7,P(1) = 13,P(2) = 19, • • • ,/>(410) = 169339. Since (2) gives nothing new for a < -1 we will restrict a to values > -I.
The cubic equation (3) x3 =ax2 + {a + 3)x + 1 has the discriminant (4) D = ia2 + 3a + 9)2, and if a2 + 3a + 9 is prime, (4) is obviously also the discriminant of the field ß(p)
where p is a root of (3) . One may easily verify that the other two roots of (3) are (5) p2 = -l/(l+p) and p3 = -1/(1 +p2).
Since pip2 -ap-a -3)=l,p is a unit of Q{p), and since p2{p\ -ap2 -a -3) = 1, 1 + p = -l/p2 is also a unit. They are, in fact, independent fundamental units, as may be verified by Godwin's criterion [4] . One therefore knows the regulator (6) R = log2 Ip I -log Ip I log 11(1 + p)l + log2 1(1 + p)\ a priori. The formula (6) is invariant if p is replaced by p2 or p3. We may compute R explicitly with the trigonometric solution of (3). Let / 97
and p is the positive root of (3) if the principal value is chosen in (7).
From (2), P = 1 (mod 3), and for all q =£ P, the polynomial x3 -ax2 -{a + 3)x -1 splits completely (mod q) or is irreducible (mod q) according as On the other hand, (12) lim fJC(s)/f(s) = ^.
i=l + xŜ ince we know R, we may therefore compute the class number h by calculating the product on the right side of (10) with sufficient accuracy. Now, this product converges rather slowly (the first 15000 factors give an accuracy of about 1 part in 2000, cf. [5] ), but a great deal of accuracy is not needed here since h is an integer, and not a very big one if D < 1011. Formulas (10) and (11) are easily programmed on a computer. With a computer, we evaluated the first 100 cases of these fields-from P{-1) = 7, D = 49 to />(410) = 169339, D = 28675696921. Table 1 lists these 100 primes P and class numbers h.
2. Moderate Class Numbers. In Table 1 one notes: (a), the mean growth of h as a function of a; and (b), the arithmetic restrictions upon h in that all of these h are of the form 3k + 1, and prime factors of the form 3k -1 always occur with even exponents. The first property is analytic, having reference to ÇK{s); it is discussed briefly in this section. The second property is algebraic, having reference to the class group; it will be examined in Section 4.
Although the h in Table 1 are much larger than the h < 4 computed by Godwin that were referred to above, they are not exceptionally large considering the size of their own discriminants D = (a2 + 3a + 9)2. By (7) and (8), (13) ^a+1+^ + ofè).
Then, by (6), Since R is very small here, these h would be exceptionally large were it not for the fact that q = 2 and q = 3 are cubic nonresidues for all P{a), and therefore the first two factors in the product are
Further, q = 5 is a cubic residue for only 1/5 of these P{a), not 1/3, and the same deficiency holds for q = 1.
Jacobi determined if q is a cubic residue of a prime p = 1 (mod 3) by writing (17) 4p=i2+27M2.
Then, for q = 2 or 3, q is a cubic residue iff M = 0 (mod q), while for q = 5 or 7
the criterion is LM = 0 (mod q). We have (18) 4?(a) = (2a + 3)2 + 27;
(note the geometric meaning of 8 in Eq. (7)). Thus, 2 and 3 are never cubic residues of P{a), 5 is a cubic residue only if a = 1 (mod 5) while 7 is a cubic residue only if a = 2 (mod 7). Since a2 + 3a + 9 = 0 (mod q) has no solution for q = 5 and two solutions for q-1, for either of these g only 1/5 of the Pia) have q as a cubic residue. In general, for q = 3N + 2 or q = 3N + A, it can be shown that N/{3N + 2) of the P{a) have t; asa cubic residue. This fraction approaches 1/3 from below, the bias being due to the fact that the coefficient M of (17) is never = 0 (mod q) for any of our P{a).
A rough mean value for our h is given by (19) h « 3P{a)/35 log2a.
The larger class numbers here occur for a = I (mod 5), a = 2 (mod 7), and especially a = 16 (mod 35).
Note the examples: P = 313, 15013, 88513, and 110563 in Table 1 . But even these h must be considered moderate for D of this size; if 2 and 3 were both cubic residues instead of nonresidues the class number would increase by a factor of 91/4. This time h is prime to 2, not 3, but there are no other restrictions on h. That is the big difference. It reflects a difference of structure in the class groups as we shall see in the next section.
In Table 2 we give the 61 of these QiZ/Pia)) and their class numbers up to the same limit in a. This count, 61, is precisely what is called for by the Hardy-Littlewood Conjecture. The number of primes of the forms P{a) = a2 + 3a + 32 and P{a) = a2 + 22, for a <A, are asymptotic, respectively, to l.l2073tt(A) and 0.68641 ttiA), and 0.68641/1.12073 = 0.6124. See [6] . 4. Class Groups. In Table 2 , all 61 class groups are cyclic even though there are some h there that are not square-free. However, not all such Qiy/P(a)) have cyclic groups, since if we continued the table we would find a = 4913, P =24137573
which has the class group [7] C(3) x C(39). In contrast, we shall see that none of the many h in Table 1 divisible by 4, 25, or 121 correspond to cyclic groups.
In Table 1 , h = 2, 5, 8, 10, and 22 never occur (besides all h divisible by 3).
Cubic fields can have such h, however, since they are found [8] in Q{N1/3) for N= 11, 263, 389, 303, and 281, respectively. But these are not cyclic fields.
The key question is this. Where do conjugate ideals lie in the class group of a cyclic field? In a quadratic field, if e is an element of the group of order m, then the conjugates of its ideals lie in em ~ ' since the product of the two elements must be the identity em = I. Thus, in a quadratic field the conjugate is in the inverse in the group. In a cubic field, both conjugates of e must either be in the subgroup S of order m generated by e, or both conjugates must lie outside of S, since the product of the 3 elements must be /. Consider the first option. If one conjugate of e lies in ex, the second conju- even. '
Therefore, we know the class groups of many of the cyclic fields in Table 1 immediately.
Examples in Table 1 .
D= 1632 has the group C(2) x C(2). On the other hand, the cyclic group of order 7 for D = 3132 has conjugate elements in {e, e2, e4} and in {e3, e6, e5} and in e°, while for D = 10632 they lie in {e, e3, e9}, etc.
The self-conjugate elements e, those with x = 1 in Eq. (27), and the associated 3-Sylow subgroup has recently been studied very completely in the theses of Gerth [9] and Gras [10] . See also [11], [12] . and therefore these numbers have zero density. That is not surprising since the N of (1) also have zero density. In our special case N = P{a) we have the further restriction that 3 \ h and so 3 \ A in (30) and (31) becomes (31a) 0.42594 H/y/log H.
Clearly, the theorem can be generalized to cyclic fields of higher degree, but we do not do so here.
The cyclotomic field of the pth root of unity is cyclic of degree p -1. In the table by Newman [14] of h*, the first factor of the class number, one sees that most This is equally easy to compute. One verifies that h is divisible by 3 but not by 9, cf.
[9], [10] . In Table 3 we list a, H = A/3 and p = A/9 up to the same limit.
7. Maximal 3-Ranks. As is well known, if the a2 + A of (22) is a square-free product of k distinct primes, the 2-rank of that Qiya2 + A) is k -1 and there are 2k~l genera. Similarly, in the last section the N = a2 + 3a + 9 of (3) The first five cases in (38) have A = 3 and the sixth has A = 12. Table 3 N = a2 + 3a + 9 = 9p, h = 3H But now consider the a = 9b -3 = 24 of (34) for b = 3 that we have also skipped over. Here, N = 9 • 73, and unlike the previous section, we now have 73 = 1 (mod 9) while 3 is a cubic residue of 73. One finds A = 9. But, by the same argumentation as in Section 4, the class group of a cyclic cubic field cannot be C{9) and we must have C{3) x C(3) with a 3-rank equal to 2. By Leopoldt's theory of genera in abelian fields [15] , as developed in detail by Gerth and Gras, a cyclic cubic field with k ramifying primes has a 3-rank r3 that satisfies (39) 1 < r3 < 2(!t -1).
For k = 2, r3 is 1 or 2 and r3 = 2 iff both primes are cubic residues of each other.
In Table 4 , we list all such N = 9p or PiP2 up to the same limit in a where we have the maximal r3 = 2. Under ß(p) we list the class groups except for a = 329 and four larger a where we merely list the class number thus: (A). In these five cases the 2-Sylow subgroup or the 3-Sylow subgroup is uncertain without further computation although we do know that r3 = 2 and r2 = even.
We conclude this section with (a): specific data on the C{3) x C(3) for N = 9 • 73 to illustrate a surprising phenomenon; (b): brief mention of the revised splitting rules needed to compute Table 4 I would like to thank Carol Neild for assistance in computing the tables.
8. A Recent Paper and Others to Appear. As I completed the foregoing, I noticed in the current Contents Contemporary Math. Jour, the listing of a paper [16] by M. N. Gras, N. Moser, and J. J. Payan that was about to appear. The "de certains corps cubiques cycliques" in its title sounded extremely appropriate. These fields are, in fact, our fields above, and tables are given up to what we designate as a = 47, N = 1 • 337. But the approach and method is entirely different in this paper and I believe that justifies the publication of our own version. They do not give our Eq. in our notation, with the sign of the radical chosen so that y/AN -27 = 1 (mod 3).
For D = 0 (mod 9) a still different equation is used. Whereas our approach is based entirely upon the relatively small and already known regulator (6) , their point of departure is the fact that AN = L2 + 27 implies that {1, p, p2} is an integral basis.
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